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. Kwame is investigating a possible hip between average March temperature,
t°C, and tea yield, ykg/hectare, for tea grown in a particular location.
He uses 30 years of past data to produce the following summary statistics for a linear
regression model, with tea yield as the dependent variable.

Residual Sum of Squares (RSS) = 1666567 S,=520 S, =1774155
least squares regression line: gradient = 45.5 y-intercept = 2080

(a) Use the regression model to predict the tea yield for an average March temperature

of 20°C
(0]
He also produces the following residual plot for the data.
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(b) Explain what you understand by the term residual.
1)
(c) Calculate the product moment correlation coefficient between 7 and y
@)
(d) Explain why the linear model may not be a good fit for the data
(i) with reference to your answer to part (c)
(ii) with reference to the residual plot.
)

Question 1 continues on page 4
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Question 1 continued
We are given Ehut  Ehe bemperatore s 20%
Y= k5.5 (20) + 2030

= Y= ?.°|°\0RJIhecéar<, ®

b\ A residoal is bhe d“ﬂﬁerence, bebween Ehe
observed Walve and bhe predictec valve. 0)

c) [ Ehe fotrvlabooklet,
Residoal Som of Sqoures (Rs5) =45 [0 )
1666567 = 1724155 (1-r¥) @
o r=0246 ©
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Question 1 continued
Kwame also collects data on total March rainfall, w mm, for each of these 30 years.

For a linear regression model of w on 7 the following summary statistic is found.
Residual Sum of Squares (RSS) = 86754

Kwame concludes that since this model has a smaller RSS, there must be a stronger
linear relationship between w and 7 than between y and 7 (where RSS = 1666 567)

(e) State, giving a reason, whether or not you agree with the reasoning that led to
Kwame’s conclusion.

(O]

e,\ Kwame™s  onclusion  camot  be  supportel
Vsinqg  RSS  becasse  Ehe Ewo  wulves o RSS
have diffﬂ‘fnb Valves. @
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. A factory produces yellow tennis balls and white tennis balls. Independent samples,
one of yellow tennis balls and one of white tennis balls, are taken. The table shows
information about the weights of the yellow tennis balls, ¥ grams, and the weights of the
white tennis balls, W grams.

Mean weight of Known population
Sample size | random sample | standard deviation of

(grams) weights (grams)
Yellow tennis balls 120 572 1.2
‘White tennis balls 140 56.9 0.9

(a) Find a 95% confidence interval for the mean weight of yellow tennis balls.

3)
Jamie claims that the mean weight of the population of yellow tennis balls is greater
than the mean weight of the population of white tennis balls. A test of Jamie’s claim is
carried out.
(b) (i) Specify the approximate distribution of ¥ — /¥ under the null hypothesis of
the test.
3)
(ii) Explain the relevance of the large sample sizes to your answer to part (i).
(0]
(c) Complete the hypothesis test using a 5% level of significance.
You should state your hypotheses and the value of your test statistic clearly.
®)
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Question 2 continued
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\Javr (akX +bY)= o2 Var(X) + b*Var (V)
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Question 2 continued
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ovidence bo  sopport Jumie's  Cluim EhtV Bhe
Mean  Weight o Eve Populab'on of 56"‘“ Bulls
S reuée;) Ehen  Ene meun werdnk Of Ehe

Po‘)o\abfon op white bennis bells. OO)

P 7 2 0 96 A0 8 2 4

mrmm

PMT|

YIHY SIHL NI ILIEM ION 00 VIHY SIHL NI ILHMLON 0C

Y3V SIHLNIZLI-IM 10N OG



PhysicsAndMathsTutor.com

e N
3. The random variable X ~ N(5, 0.4%) and the random variable ¥ ~ N(8, 0.1%)
X and Y are independent random variables.
A random sample of @ independent observations is taken from the distribution of X and
one observation is taken from the distribution of ¥
The random variable W =X, +X,+X, +..+ X + bY and has the distribution N(169, 2*)
Find the value of a and the value of »
6)
o
EQWl = 2 E(x] + ECeY)
=\
= B[] + bEGA)
®164 = S + b (1)
\jqr (\»J) = \ur ( Xy 4 ... + Xo) + VM‘(LY)
o
= ZVur (X '.) + Vor (b\/) as Ve (x4 = Vi () Ve
= i} X ank VY ave indepoki
= o Var(x) b2 Vur( V)
O L = 0-16a +0.01b?

= 25-0.0625b* = o (2)

So we Sub (1) abo (V)

= 169 = 5(25-0.0625b) + 3b

= 169 = 125 -0.Z126h% + &b

20 = 031256 —gb+ Ly ()

Us’ma «  culolubor, or bhe tL\Jqdmbio Téo‘rwlu,
b=%¢ or b=17.6
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Question 3 continued
I1L we firsk  sob b= 176 i,
Vo4~ Sa +8(17.6)

Ths a{«e,s o Ao«-?r\keacr valie op «, S0 Ews
is ok W solution. @

Now, sdbin b= 3.
169 = 3 + 3(3)
> oz 2] Q)

(Total for Question 3 is 6 marks)
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4. A doctor believes that a four-week exercise programme can reduce the resting heart rate
of her patients. She takes a random sample of 7 patients and records their resting heart
rate before the exercise programme and again after the exercise programme.

Patient A B C D E F G

Resting heart rate before | 65 68 77 79 80 88 92

Resting heart rate after 63 65 73 76 80 84 80

(a) Using a 5% level of significance, carry out an appropriate test of the doctor’s belief.
You should state your hypotheses, test statistic and critical value.

(Y]

(b) State the assumption made about the resting heart rates that was required to carry
out the test.

o) Ho: Ma =0 ()
H Ve MKX 20
Wé, Calcvlute  Ehe Aifference  op Ehe

(O]
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Question 4 continued

¢t = 36 T k.3
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bhe  Caleulutor.

Qur  kest  stutssbic E= tL -0 =%2.379S

2 3859
37 0 o

As we have « Semple S2e o F, we
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s;sn:(:wnce level Wthw F -1 =6 d,erfees o,;
Freeokw.
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2.935 71943

S ve  vejek Ho as bhere o o picient
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Ewe MSU/{) heat'  rute hus redoced. @
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I\oqulh Aistribu bed for the best to be valid. @

(Total for Question 4 is 8 marks)
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5. The concentration of an air pollutant is measured in micrograms/m’

Samples of air were taken at two different sites and the concentration of this particular
air pollutant was recorded.

For Site A the summary statistics are shown below.

number of samples 55

{SiteA 13 6.39

For Site B there were 9 samples of air taken.

A test of the hypothesis H:0} = o} against the hypothesis H, :a7 # o} is carried out
using a 2% level of significance.

(a) State a necessary assumption required to carry out the test.

1)
Given that the assumption in part (a) holds,
(b) find the set of values of s that would lead to the null hypothesis being rejected,
)
(c) find a 99% confidence interval for the variance of the concentration of the air
pollutant at Site 4.
3)

0) The. concenbrabion  of air  Pollubunk (or ecch
ke (-ol\ows @ Normal  diskribetion. (D

b) From Ewe forma)m book , we kaow Ehat
é:/o‘fz ~ I-'- Wwe vse. 0.0\ ay ovr Valke

1:‘) /o-s PNy of 2> 5:0,\:’;Wk level.
Us:,b Ewe  Lable
Fn'(% (o.o |) = 5. 67. ? rgﬂl (0 Ol) = Li’ 50 @
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Question 5 continued
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Y
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5 2 EET
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(Total for Question 5 is 8 marks)
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6. Korhan and Louise challenge each other to find an estimator for the mean, y, of the
continuous random variable X which has variance o

X, X, X, ..s X aren independent observations taken from X

Korhan’s estimator is given by

2 @
K=m2rx,

Louise’s estimator is given by

L—X +XZ+X3+X +...+ X

3 3(n -2)
(a) Show that K and L are both unbiased estimators of
®)
(b) (i) Find Var(K)

(ii) Find Var(L)
@]

The winner of the challenge is the person who finds the better estimator.

(¢) Determine the winner of the challenge for large values of n.
Give reasons for your answer.

[©)]
‘l-) Estimubors L aad | are  0abrlasex ((—
ECLl = ECﬁl oA Etkl‘: E.D{L (‘eﬁrecl:fo“\a.

k = 2 EX|-\—'L>‘7_+...+/\X4_J
A(n+)

E[L(x\ + LR + .. +/\X/\):| @

N+

Efk]

2. E[Xi % 2Fa +-— 4 AXa]
n(n+)

2 (EE;-.] sERx )+ .. + EEA)\:Q

n(a+)
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Question 6 continued
. - = 2 (EG+2E0) 4 - ~nEA)
5 @ a(n+)
=X GE
i & = 2 (JVH 2M £ - -V\M)
S & AYED)
e 2 = _2m (14 24 .. +a)
~ = ATLED)
\Jsma the arithmebe
= ;A( ) ¥ Seq ven ot mulu .
r\(,\.“\ )) @ tt,w ce ‘L
3 8 = M= E[X\. Herce K s uvnbiased. @
O
2 z EEL]‘-'—E KKy 4 Xy Xy + .. +Xa
g 2 [ ‘3 3&4\ @
= &
2 = = LEMx %]+ | _Efmexy <. +Xi]
4 8 3 3(/\—'2.
1 = L (ECT £ + 7 OV EG + - ve0])
= _s J-(- -‘\-3(’\_‘) ';11' uw\+t-- XA
= ()_M) + 3(q§£('\—1)/;l
@ = 2 o+ boa= M = ECR

: B 33 ©
§ § Heaua, bobh L ank K ave unbiused.
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> 18 YED)
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Question 6 continued
b [PVarfx)+ 22 Var () * ot 22 Var ()] @ | 8
n‘('\ﬂ\‘ 5
s
= _ L4 [%or+ 2ok 4 gl :
rt(n+)? .
£
= _be* (1% 2* 4 ... 4ar] 5 3
A (na)yr > c
Usm 6\"6
= A-__[ A(A-H\['Lmn\]@ bon fotmsk
n1(A+IY1 a bwe FNNJL
boolelet.
AVar[k) = 2o (2na+1) @ g
=N r\-\-\) § x
s
\’“”_ ll—»\ V“’"(X\J\—XL + &—1—)(;‘,4..-*-\(4.\ g 5
3 B(n-2) / z k
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= Var(% $%2) +_ L Var( X3+ Xy <. + X >
cl ( ] ‘L\ q A 1\ ( \ ® E E
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Question 6 continued

Ba(n+) a(n-2)
As a9 >, Var(k) D0
As nae, Yur (L) 2 o2 ()
q

the  SMgller vaviunce

so korhun ins Ehe d\u\lenc)e,.

(Total for Question 6 is 15 marks)
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7. Arectangle is to have an area of 40cm?
The length of the rectangle, Lcm, follows a continuous uniform distribution over the
interval [4, 10]

Find the expected value of the perimeter of the rectangle.
Use algebraic integration, rather than your calculator, to evaluate any definite integrals.

(G

|

H

y L

LH= wo = H-=
Pevimeber = 2L + LY

2L+ 30 O
=

To nkh  Ene  oxpecbatbtion o bhis  fonckon,
we { Lse khe Fyrmef: * /

ECy0AT= g peadx  Here (L) =76 O
EELL + i&%:l LJ"OL. + b dL @

3

Lo
—

W

N

\
= L[ L bl
3 2 "

2

26.23 Q)

! ot (o) = L2 _Yola
= 20 4 Lo (i) 1—;{, Woln (1))@
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8. The continuous random variable X has cumulative distribution function given by

0 x<1
F(x) =4 1.5x-025x2 =125 1<x<3
1 x>3

(a) Find the exact value of the median of X'
(b) Find P(X < 1.6| X > 1.2)
Thy d iable ¥ = 4
e random variable ¥ = =
(c) Specify fully the cumulative distribution function of ¥

(d) Hence or otherwise find the mode of ¥

@)

3

“)

@)

0\) Recal  Ehub - Ehe Me,d-{qr\, we  wanb
Go fink bwe vuve of X Sodh bt

e = A
|.5m=-0.25m2 =125 =0 ©
Us:“ o calwlabor Ews yives  Us
m= 5T &3
We eggeck 3 +33 S22
So Mm= 3-J2 @
b) Recall  Ewub
Pe (BI = Pe(AND)
Pr(A)
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Question 8 continued

Pr(x&1l6 [ X 71) = ef1nd x 21.6) Q)
Pr(x212)

Ps )= Pr(x <59 = F(L6Y - F(i) o)

S fle im0
=32 Q
R\

66 SObb‘\O ‘nox= )6 andk wx =2,
o) F{SB-—' Pr(yg\a\ Q)
ol 4

= Pr(ééx)

=\ pr( X £ %)
=\- ((ln) 0)
(@) 1 £y
So p('—a\z 1.5 () —025 ()15 Vuynls
) 'y 7

J
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Question 8 continued \ 6 2 w]

\5 + O- |.25 /z
CE) sl
o 3{3 @

6 '3

So £(Y)= 025(‘0\1—| 5 [L)+225 /?’42)‘

\ W) ©)

tn %F{"\ode s bhe Penlt o~ khe PJ./_
e ().IH,ereAl:.\‘ul:o the ulf to fiak the f)al'l
e R LT

5 W= - 5.-% —2,"> = RM-*-M,Q
= iy Y Y °® Wpoiab.
= " '=2 = (a: ‘o

(“/‘/7.\=- ~48% 40, So we have o
M 1 MOA,

S0 khe mode of 335 ‘/7_,®

(Total for Question 8 is 12 marks)
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